Let pX, T q be a topological dynamical system. Given a continuous vector-valued function F P CpX, R d q called a potential, we define its rotation set RpF q as the set of integrals of F with respect to all T -invariant probability measures, which is a convex body of R d . In this paper, we study the geometry of rotation sets. We prove that if T is a non-uniquely ergodic topological dynamical system with a dense set of periodic measures, then the map Rp¨q is open with respect to the uniform topologies. As a consequence, we obtain that the rotation set of a generic potential is strictly convex and has C 1 boundary. Furthermore, we prove that the map Rp¨q is surjective, extending a result of Kucherenko and Wolf.
Introduction
Let pX, T q be a topological dynamical system, that is, a compact metric space X together with a continuous map T : X Ñ X. We denote by M T the set of all T -invariant probability measures, which is convex and weak-‹ compact. Given a continuous potential F : X Ñ R d , we define its rotation set as:
This is a convex body in R d , that is, a non-empty compact and convex subset of R d .
This definition originates from the rotation theory on the torus: if f : T d Ñ T d is continuous, homotopic to the identity with lift r f : R d Ñ R d , we consider the displacement function F pxq :" r f pxq´x. The corresponding rotation set RpF q yields important information about the dynamics of f . Note that in the onedimensional case, RpF q " tρp r f qu, where ρp¨q is the Poincaré rotation number. For more discussion, see [MK] .
Returning to the general context, Ziemian [Zi] studied the situation where the dynamics is a subshift of finite type (SFT) and the potential F is locally constant, and proved that in this case the rotation set is a polytope. On the other hand, Kucherenko and Wolf [KW] proved that if T is a SFT then every convex body of R d appears as a rotation set of a continuous potential.
Ergodic optimization [Je2, Je3] is another motivation for the study of the rotation set. Given a function f P CpXq, one is interested in the quantity (1) βpf q " sup µPMT ż f dµ , called the maximum ergodic average. Any measure µ P M T satisfying ş f dµ " βpf q is called an f -maximizing measure. The main problem of ergodic optimization is to identify maximizing measures and to understand their properties. For generic functions in the space CpXq, the maximizing measure is unique; furthermore, the same holds for other spaces of functions: see [Je2, Theorem 3.2] . Note that in this case the (one-dimensional) rotation set is Rpf q " rαpf q, βpf qs, where αpf q " βp´f q is the minimum ergodic average.
Consider the more general problem of computing the maximum ergodic average βpf q for all functions f in a given finite-dimensional subspace of CpXq, say with generators f 1 , ..., f d . If f " ř d j"1 α j f j then we have:
Therefore, the problem reduces to the study of the rotation set of F , which is called Vectorial Ergodic Optimization [B, section 2] .
Let us describe one of the first examples of rotation sets, introduced by Jenkinson [Je1] . Let X " R{Z be the circle, T be the doubling map, and F pxq " pcosp2πxq, sinp2πxqq be the potential. The corresponding rotation set RpF q is called the fish. Validating experimental results of Jenkinson, Bousch [Bo1] proved that the fish is strictly convex and every point on its boundary is the integral of F with respecto to a unique T -invariant probability measure. Furthermore, he proved that the fish has a dense subset of corners (points of non-differentiability), and each corner is the integral of F with respect to a unique T -invariant porbability measure, which is periodic, that is, supported on a single periodic orbit.
It is natural to ask whether these characteristics of the fish are typical among rotation sets: see [B, section 2] for further discussion. In this work, we give a partial answer to this question. Under a mild hypothesis on the dynamics T (which is satisfied for the doubling map and SFT), we prove that for generic continuous potentials, the rotation set is strictly convex and has a C 1 boundary. This genericity result is obtained as a corollary of our main theorem, which reads as follows:
Theorem 1.1. Let T : X Ñ X be a non-uniquely ergodic topological dynamical system with dense set of periodic measures. Then the map R : pCpX, R d q, ¨ 8 q Ñ pCB pR d q, d H q that associates to each potential F its rotation set RpF q is continuous, open, and surjective.
Here, CpX, R d q is endowed with the uniform norm, and CB pR d q is the set of convex bodies of R d endowed with the Hausdorff distance (see section 2.1 for more details). Continuity of the map R is trivial. Surjectivity of R was already known when T is a SFT: see [KW, Theorem 2] .
The hypothesis of denseness of periodic measures holds for any dynamical system with the specification property (e.g., uniformly expanding transformations, SFT, and Anosov diffeomorphisms). It also holds for many classes of non-hyperbolic dynamics, for example, β shifts, S-gap shifts, and isolated non-trivial transitive sets of C 1 -generic diffeomorphisms: see [GK] As a consequence of our main result, we have: Corollary 1.2. Let T : X Ñ X be a non-uniquely ergodic topological dynamical system with dense set of periodic measures. Then there exists a residual subset R of CpX, R d q such that RpF q is strictly convex and has C 1 boundary for all F P R.
So for generic continuous potentials, the rotation set is strictly convex but, unlike the fish, it has C 1 boundary. It is natural to ask whether Theorem 1.1 holds for spaces of more regular functions, for example, Lipschitz functions. The answer is negative: see section 6.2.
Preliminaries
2.1. Convex bodies in R d . We say that a non-empty subset K Ă R d is a convex body if is compact and convex. We denote the set of convex bodies by CB pR d q, and by CB˝pR d q the set of convex bodies with non-empty interior. Aditionally, given a convex body K, we denote by intpKq its interior and relintpKq its relative interior. We endow CB pR d q with a structure of metric space, given by the Hausdorff distance defined by:
This definition only requires K, L to be compact. Also, the sup and inf can be replaced by max and min due to compactness. Additionally, we can rewrite the definition as:
n is the open unit ball in R n . This metric turns CB pR d q into a complete, locally compact metric space [S, p. 62 ]. The following lemma allows us to estimate in a easier way the Hausdorff distance between two convex bodies.
Lemma 2.1 ([S, p. 61]). For convex bodies K, L P CB pR d q,
We will use the concept of support function of a convex body:
The following lemma permit us to compute the distance between two convex bodies in terms of the lienar funcitonals of R d (see [S, p. 66] ):
Here is another useful lemma:
Lemma 2.4. Let K P CB pR d q and 0 ă ε ă 1. Then there exists K ε P CB pR d q such that K ε Ă relintpKq and d H pK ε , Kq ă ε.
Proof. Applying a translation if necessary, suppose that 0 P relintpKq. Define K ε "`1´ε kd˘K , where d " sup xPBK x and k P N is such that ε kd ă 1. It is clear that K ε Ă relintpKq, and using Lemma 2.3 :
In order to obtain the genericity of strictly convex rotation sets, we need the following theorem concerning the genericity of strictly convex bodies:
Theorem 2.5 (Generic convex bodies [S, p. 133] ). The set of strictly convex bodies in R d with C 1 boundary is residual in the set of convex bodies of R d .
The original proof of this theorem can be found in [Kle] . Aditionally, this result can be strengthened using the notion of a σ-porous set, which combines both the topological and probabilistic senses of smallness: see [Z] . Moreover, C 1 regularity cannot be improved: for generic convex bodies the boundary is not C 1`α , for any α ą 0 : see [KliN] . For more information about generic properties of convex bodies; see the survey paper [G] .
2.2. Some dynamical terminology. Let X be a compact metric space and a continuous map T : X Ñ X. We denote by M T the set of T -invariant probability measures, which is a nonempty convex set and is compact with respect to the weak-‹ topology. Given x P X, we denote by Opxq " tT j pxq : j ě 0u its positive orbit. We denote by µ Opxq the unique T -invariant probability measure supported in Opxq. These measures are called periodic, and M per T denotes the set of periodic measures.
Letting F : X Ñ R d be a continuous potential, we use the following notation for Birkhoff sums:
Recall that the rotation set of F is defined as:
This is a compact convex subset of R d . Also, define the periodic rotation set of F as:
Let us prove the continuity of the map R:
Proof. Let µ P M T and F, G P CpX, R d q, and note that:
and this immediately implies that d H pRpF q, RpGqq ď F´G 8 .
Approximate Mañé Lemma
The Mañé lemma is a useful tool in ergodic optimization [Sa, Bo1, CG, Je4, Bo2] . It is stated as follows in the particular situation of expansive dynamics: Bo2] ). Let T : X Ñ X be a expanding map and α P p0, 1s. Then, for any f in the space C α pXq of α-Hölder functions, there exists h P C α pXq such that:
αpf q ď f`h˝T´h ď βpf q where αpf q and βpf q are the minimum and maximum ergodic average, respectively.
This says that up to adding a coboundary h´h˝T to f (which does not alter the integrals with respect invariant measures), we can assume that the image of f is contained in the rotation set Rpf q " rαpf q, βpf qs.
We can ask if there is an analogous of the Mañé Lemma in the setting of vectorial potentials. Following the same spirit of Theorem 3.1 we say that a vectorial potential F P CpX, R d q satisfies the Mañé Lemma if there exists H P CpX, R d q such that ImpF`H´H˝T q Ă RpF q. Even if we impose some regularity on F , the classical example of the fish is a Hölder function that does not satisfy the Mañé Lemma, as noted by Bochi and Delecroix: see [B, Proposition 2.1] .
Nevertheless, we have the following approximate Mañé Lemma:
Lemma 3.2. Let F : X Ñ R d be a continuous function and ε ą 0. Then there exists a continuous function G : X Ñ R d cohomologous to F such that:
Im pGq Ă B ε pRpFwhere B ε pRpFdenotes the ε-neighbourhood of RpF q. Moreover, there exists N 0 P N such that G can be taken to be 1 n F pnq for arbitrary n ě N 0 .
Lemma 3.2 is well known (c.f. "enveloping property" [B, p. 6] ), but for completeness we give a proof. We begin with the following well-known observation:
Lemma 3.3. Let T : X Ñ X be a continuous map on a compact metric space. If F : X Ñ R d is continuous, then F is co-homologous to 1 n F pnq for all n P N.
Proof. Note that F " H´H˝T`1 n F pnq , where H " 1 n ř n j"1 F pjq . Now, we are ready to prove Lemma 3.2.
Proof of Lemma 3.2. Suppose in order to get a contradiction that there exists an ε ą 0 and a sequence tx n u nPN such that:
1 n F pnq px n q R B ε pRpF qq.
Consider the following sequence of probability measures on X:
µ n " δ xn`δT pxnq`. .`δ T n´1 pxnq n .
By the compactness of the space of probability measures there exists a subsequence µ n k converging to a probability measure µ. It is not hard to see that µ is a Tinvariant probability measure. Thus, by the weak-˚convergence, we obtain:
and since B ε pRpFc is closed, we have ş F dµ R B ε pRpF qq, a contradiction. By Lemma 3.3 we can take G " 1 n F pnq for n ě N 0 for some n 0 P N.
The following observation will be helpful in the main proof.
Lemma 3.4. Let F : X Ñ R d be a continuous function and Opx 1 q, ..., Opx m q be disjoint periodic orbits on X. Let z j " ş F dµ Opxjq where µ Opxjq is the unique T -invariant probability measure supported on the periodic orbit of x j . Then:
1 n F pnq pOpx j" tz j u for n multiple of lcmp7Opx 1 q, ..., 7Opx mand j " 1, ..., m.
The proof is obvious.
Construction Lemmas
In this section we present some technical results used in the proof of openness of the map R. We will always assume that pX, T q is a non-uniquely ergodic topological dynamical system with dense set of periodic measures. The first technical lemma enlarges the rotation sets, without losing the control of the distance to the original potential.
Lemma 4.1. Let F : X Ñ R d be a continuous function with 7RpF q ě 2 and K P CB˝pR d q such that RpF q Ă intpKq. Let z 1 , ..., z m be distinct points in R per pF qzBRpF q and y 1 , ..., y m P intpKqzRpF q be such that RpF q Ă convty 1 , ..., y n u (see Figure 1) . Then there exists a continuous potential G : X Ñ R d with:
(1) G´F 8 ď 7 6 max i z i´yi , and (2) convty 1 , ..., y m u Ă RpGq Ă intpKq. Proof. Fix ε ą 0 such that B ε pRpFĂ intpKq and y j R B δ pRpFfor all j " 1, ..., m. Thus, we can apply Lemma 3.2 and Lemma 3.4 with the set of points ty 1 , ..., y m u to obtain a n P N such that:
‚ Im`1 n F pnq˘Ă B δ pRpFĂ intpKq ‚ For each z P tz 1 , ..., z m u there exists a periodic point x P X such that the Birkhoff average 1 n F pnq equals z on the orbit of x.
The main idea is to perturb the potential F nearby the periodic orbits. For this purpose, let us choose the index set I " tpi, jq : 1 ď i ď m, 1 ď j ď 7Opx i qu and a collection of open balls tB pi,jq u pi,jqPI Ă X centered at the periodic points defined by: B pi,jq " B r pT j px i@pi, jq P I and r ą 0 sufficiently small so that the collection of balls tB pi,jq u pi,jqPI are pairwise disjoint, 1 n F pnq pB i,j q Ă intpRpFand:
( 
We claim that r G satisfies very similar properties as in the statement of the lemma. First, note that r G is constant equal to y i on Opx i q. which implies y i P Rp r Gq for every i " 1, ..., m. Therefore, convty 1 , ..., y m u Ă Rp r Gq. Now, @x P X, r Gpxq P conv " ty 1 , ..., y m u Y Imˆ1 n F pnq˙* , since r G is a convex combination of y 1 , ..., y m and 1 n F pnq . The later implies:
Consequently, RpF q Ă convty 1 , ..., y m u Ă Rp r Gq Ă intpKq. The next step is to estimate the distance between r G and 1 n F pnq . Let x P X:
‚ If x P B i,j then r Gpxq " ρ i,j pxqy i`p 1´ρ i,j pxqq 1 n F pnq pxq, and therefore, using (2) r Gpxq´1 n F pnq pxq " |ρ i,j pxq| y i´1 n F pnq pxq ď 7 6 y i´zi .
‚ If x R Ť pi,jqPI B i,j , then r Gpxq " 1 n F pnq pxq.
We conclude that r G´1 n F pnq 8 ď 7 6 max i z i´yi . Now consider
Recall from Lemma 3.3 that F´1 n F pnq is a coboundary. Therefore, G has the same rotation set of r G, which is sandwiched between convty 1 , ..., y m u and intpKq.
Furthermore,
At this moment, we have a technical tool to enlarge rotation sets and control the distance between the potentials. Now we will upgrade the previous lemma also considering the distance between the convex bodies.
Lemma 4.2. Let F : X Ñ R d be a continuous function, let K P CB˝pR d q be such that RpF q Ă intpKq, and let ε " d H pRpF q, Kq. Then there exists a continuous function G : X Ñ R d with the following properties:
Proof. First suppose that RpF q is not a singleton. Due to the compactness of BK, we may choose distinct points x 1 , ..., x ℓ P BK such that:
Hence, since d H pRpF q, Kq " ε, there exists distinct points y 1 , ..., y ℓ P intpKqzRpF q with y j´xj ď ε 3 and dpRpF q, y j q ď 2ε 3 for each j " 1, ..., m. Furthermore, choose δ P p0, ε 5 q with B δ pRpFĂ intK and distinct points y ℓ`1 , ..., y m P B δ pRpF qqzRpF q such that RpF q Ă convty ℓ`1 , ..., y m u. Since R per pF q is dense in RpF q which by assumption is not a singleton, we can also find distinct points z 1 , ..., z m P R per pF qzBRpF q such that: z j´yj ď 4ε 5 for all j " 1, ..., m. By Lemma 4.1, we can perturb F , and obtain a continuous G : X Ñ R d such that:
RpF q Ă convpty 1 , ..., y m uq Ă RpGq Ă intpKq.
So conditions (1) and (2) are satisfied. In order to check the reamining condition (3), recall from Lemma 2.1 d H pK, RpGq " d H pBK, BRpGqq. Let x P BK. Then there exists x j P BK such that x P B ε 4 px j q. So: dpx, BRpGqq ď x´y j ď x´x j ` x j´yj ď ε 4`ε 3 ď 28ε 30 and this implies condition (3). For the case when RpF q is a singleton, consider a continuous perturbation F 1 of F near two disjoint periodic orbits, say Opx 1 q and Opx 2 q, such that:
and apply the same procedure as before to F 1 .
As a straightforward consequence of the previous lemma, we have the following proposition:
Proposition 4.3. Let F : X Ñ R d be a continuous function and let K P CB pR d q such that RpF q Ă relintpKq. Then, there exists a continuous function G : X Ñ R d such that F´G 8 ď Cd H pRpF q, Kq and RpGq " K, where C " 30.
Proof. We divide the proof in two cases. First suppose that intpKq ‰ φ. Apply Lemma 4.2 recursively to obtain a sequence of locally constant functions F n : X Ñ R d such that:
where F 1 " F . Then tF n u nPN is a Cauchy sequence, and therefore converges to a continuous function G : X Ñ R d which satisfies:
By Proposition 2.6, the map R : CpX, R d q Ñ CB pR d q is continuous, and so:
RpGq " Rplim F n q " lim RpF n q " K.
Thus, the proof of the first case is finished. Now suppose that intpKq " H. Let PpKq be the least affine hyperspace passing through K. We can consider F as a function taking values in PpKq and this affine hyperplane can be identified with R ℓ , where ℓ " dim PpKq. In this situation we can see K as a subset of this R ℓ with intpKq ‰ H. Consequently, the proof is reduced to the first case. Now we need an adjustment in order to drop the hypothesis RpF q Ă relintK.
Lemma 4.4. Let F : X Ñ R d be a continuous function, K P CB pR d q, and ε ą 0. Suppose that d H pRpF q, Kq ď ε. Then there exists a continuous function F 1 : X Ñ R d with:
1) RpF 1 q Ă relintpKq 2) F´F 1 8 ď 2ε 3) There exists a continuous function F 2 : X Ñ R d cohomologous to F 1 such that ImpF 2 q Ă PpKq.
where PpKq is the least affine hyperspace containing K.
Proof. The strategy is similar of the proof Lemma 4.1. Apply Lemma 3.2 to F and ε ą 0 to obtain n P N with Im´F pnq n¯P B ε pRpF qq. Also, apply Lemma 2.4 to K and δ " mintε, 1 2 u to finde L P CB pR d q with L Ă relintpKq and d H pK, Lq ď δ. Define F 2 as:
where P L is the convex projection. Since P L is Lipschitz, the function F 2 is continuous. Also RpF 2 q Ă relintpKq, so the next step is to estimate d H pRpF 2 q, Kq. Given y P K, due to the denseness of R per p 1 n F pnin RpF q, there exists z P R per p 1 n F pnsuch that y´z ď 2ε. Let Opxq be the corresponding periodic orbit. We note that:
since 1 n F pnq´F 2 8 ď 2ε. From above we get that d H pK, RpF 2ď 4ε. Now, it suffices to consider F 1 " F 2`p F´1 n F pnq q, which by Lemma 3.3 is cohomologous to F 2 . Finally,
Proof of the main results
In this section we will prove Theorem 1.1 and Corollary 1.2.
Proof of Theorem 1.1. Let F P CpX, R d q and ε ą 0. Let K P CB pR d q such that d H pK, RpFď ε. Let F 1 and F 2 given by Lemma 4.4. Then apply Proposition 4.3 to F 2 in order to obtain a continuous function r G : X Ñ R d with the properties that RpGq " K and F 2´r G 8 ď 4Cε. So, we define:
Hence RpGq " K, since F 1 is cohomologous to F 2 . Moreover,
Therefore:
We have just proved that RpB p2`4Cqε pFĄ B ε pRpF qq. and this inclusion implies the openness of R. The surjectivity follows directly from Proposition 4.3. Let K P CB pR d q, v P relintpKq. and F " v. Thus, applying Proposition 4.3 to F , we get a continuous function G P CpX, R d q such that RpGq " K.
Proof of Corollary 1.2. The pre-image of a residual set under an open map is also residual. So Theorem 1.2 follows from Theorems 2.5 and 1.1.
Directions for further research
In this section we discuss related problems and open questions.
6.1. The uniqueness property. Let F P CpX, R d q. We say that F satisfies the uniqueness property if for each v P BRpF q, there exists a unique µ P M T for which ş F dµ " v. As mentioned in the introduction, in the one-dimensional case, generic functions f P CpX, Rq satisfy the uniqueness property. So we ask: Question 6.1. Is it true that generic functions F P CpX, R d q satisfy the uniqueness property?
Of course, we can replace CpX, R d q for other spaces of functions. Following the proof in the one-dimensional case in [Je1, Theorem 3.2] , one can show the following: Proposition 6.2. The set of F P CpX, R d q which satisfy the uniqueness property is a G δ set.
Therefore in order to give a positive answer to Question 6.1, it is sufficient to prove denseness. Proof. The proof follows the same spirit as [Je2, Proposition 4.12] . Let F pxq " p0,´2dpx, x 0and U " B 1 2 pF q. Let G P LippX, R 2 q be a Lipschitz perturbation of F with G Lip ă 1 2 . We claim that pF`Gqpx 0 q is a corner of RpF`Gq. Since the rotation map is equivariant with respect to translations, we can assume that Gpx 0 q " p0, 0q. Thus, p1, 1q¨pF`Gqpxq ď´2dpx, x 0 q`?2Gpxq ď´2dpx, x 0 q`? 2 2 dpx, x 0 q ď 0 Analogously p1,´1q¨pF`Gqpxq ď 0. We conclude that δ x0 is a maximizing measure for p1,˘1q¨pF`Gq, thus: ż pF`Gq dδ 0 " p0, 0q is a corner for RpF`Gq, because RpF`Gq contains p0, 0q and is contained in the cone tpx, yq P R 2 : y ď´|x|u with vertex p0, 0q. Since convex bodies with C 1 boundary is dense, we conclude that R| LippX,R 2 q is not open at F .
From this proposition, we also conclude that differentiability of the rotation set boundary is not generic when we consider the space of Lipschitz functions. 6.3. Genericity result for other spaces. In this article we considered the case of continuous potentials. We propose to investigate the same question for other spaces of functions and other dynamics: Question 6.4. Is it true that the rotation set is strictly convex for generic potentials in some dense subspace of CpX, R d q ?
For example, replace CpX, R d q by the space of α-Hölder potentials C α pX, R d q with the Hölder norm. Also, in view of the fish example and Proposition 6.3, it seems that if we impose regularity to the potential, then the corresponding rotation set RpF q is going to have a considerable number of corners in the boundary. So, we pose the following: Question 6.5. It is true that the boundary of rotation set has a (full measure) dense subset of corners for generic potentials in C α pX, R d q ?
For more discussion, see [B, Section 2] .
